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Abstract 

The quadratic Poisson Gel'fand-Kirillov problem asks whether the field of fractions of a 
Poisson algebra is Poisson birationally equivalent to a Poisson affine space, i.e. to a polyno- 
mial algebra K[Xl, . . . ,X n ] with Poisson bracket defined by {Xi,Xj} — XijXiXj for some 
skew-symmetric matrix (Ay ) £ M n (K). This problem was studied in |2j over a field of char- 
acteristic by using a Poisson version of the deleting-derivations algorithm of Cauchon. In 
this paper, we study the quadratic Poisson Gel'fand-Kirillov problem over a field of arbitrary 
characteristic. In particular, we prove that the quadratic Poisson Gel'fand-Kirillov problem 
is satisfied for a large class of Poisson algebras arising as semiclassical limits of quantised 
coordinate rings. For, we introduce the concept of higher Poisson derivation which allows us 
to extend the Poisson version of the deleting-derivations algorithm from the characteristic 
case to the case of arbitrary characteristic. 

When a torus is acting rationally by Poisson automorphisms on a Poisson polynomial 
algebra arising as the semiclassical limit of a quantised coordinate ring, we prove (under some 
technical assumptions) that quotients by Poisson prime torus-invariant ideals also satisfy the 
quadratic Poisson Gel'fand-Kirillov problem. In particular, we show that coordinate rings of 
determinantal varieties satisfy the quadratic Poisson Gel'fand-Kirillov problem. 
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1 Introduction 



Let K be a field. Recall that a Poisson K-algebra is a commutative algebra endowed with 
a Poisson bracket, i.e. a skew-symmetric K-bilinear map from A x A to A satisfying the 
Jacobi identity and the Leibniz rule. Assuming that A is a domain, we can uniquely ex- 
tend the Poisson bracket to the field of fractions FracA of A. This article is concerned 
with the Poisson structure of the field of fractions of Poisson polynomial algebras. Exam- 
ples of Poisson polynomial algebras include the so-called Poisson-Weyl algebras. Recall 
that the Poisson-Weyl algebra of dimension 2k is the polynomial algebra in 2k genera- 
tors Xi, . . . , X k , Yx, . . . , Y k endowed with the Poisson bracket defined on the generators 
by {Xi,Xj} = {Yi,Yj} = and {Xi,Yj} = 5ij for all The field of fractions of this 
Poisson algebra is referred to as the Poisson-Weyl field of dimension 2k. It is a central 
object in the theory, and often, for a given Poisson polynomial algebra, one tries to decide 
whether it is Poisson birationally equivalent to a Poisson-Weyl algebra, that is we would 
like to know whether there exists a Poisson isomorphism between the field of fractions of 
the given Poisson polynomial algebra and a Poisson-Weyl field of appropriate dimension. 

This problem was first raised by Vergne in [17] , where the author studied the case of the 
symmetric algebra S(g) of a finite dimensional Lie algebra g over a field L of characteristic 
0, the polynomial algebra S(g) being endowed with the so-called Kirillov-Kostant-Souriau 
Poisson structure: for a basis Ui,...,U n of g, the Poisson bracket on S(g) is given by 
{Ui,Uj} = [Ui,Uj] s for all When g is nilpotent, Vergne showed that the field of 

fractions of S(g) is Poisson isomorphic to the field of fractions of a Poisson-Weyl algebra 
over a purely transcendental extension of L. In [15] , this result was extended to the solvable 
case by Tauvel and Yu. Moreover, still assuming g is solvable, they proved that this result 
also holds for any quotient of S(g) by a Poisson prime ideal. 

The problem raised by Vergne takes its roots in the celebrated Gel'fand-Kirillov Con- 
jecture [8] which is a problem of birational equivalence between enveloping algebras of Lie 
algebras and Weyl skew-fields. This conjecture was first proved to fail in general by Alev- 
Ooms-Van den Bergh [2]. See [HJ 1] for a survey of the results concerning this conjecture. 
Note that the algebras involved are considered over algebraically closed fields of charac- 
teristic zero. However, the conjecture also makes sense in positive characteristic, see for 
instance [3]. In [T3], the author refutes the Gel'fand-Kirillov Conjecture for the enveloping 
algebra of simple Lie algebras of certain types by actually refuting a modular version of 
the conjecture. This certainly shows that one should not restrict our attention only to the 
case where the characteristic is 0, but also study the modular case. This motivated us to 
study the Poisson structure of fields of fractions of Poisson polynomial algebras over a field 
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of arbitrary characteristic. 

With the appearance of quantum groups in the eighties, new skew-fields of reference 
were needed, and a quantum version of the Gel'fand-Kirillov Conjecture was proposed by 
Alev and Dumas [1], and studied by numerous authors. We refer to pQ 1.2.11 and II. 10.4] 
for information about this quantum version of the Gel'fand-Kirillov Conjecture. In this 
context, skew-fields of reference are the skew-fields of fractions of quantum affine spaces. 

Back to the Poisson setting, it is easy to build Poisson polynomial algebras whose 
fields of fractions are not Poisson isomorphic to Poisson- Weyl algebras. And so, as in the 
quantum case, we need to introduce other Poisson fields of reference as follows. A Poisson 
affine field is the field of fractions of a Poisson affine space, i.e. the field of fractions 
of a polynomial algebra in n indeterminates X\, . . . ,X n , with Poisson bracket given by 
{Xi,Xj} = XijXiXj for some skew-symmetric matrix (Ajj) G M n (K). It was proved in [9] 
that Poisson- Weyl fields and Poisson affine fields are not isomorphic, so that Poisson affine 
fields were used in [9] as fields of reference for a Poisson version of the quantum Gel'fand- 
Kirillov Conjecture. Namely, the quadratic Poisson Gel'fand-Kirillov problem asks whether 
a given Poisson polynomial algebra is Poisson birationally equivalent to a Poisson affine 
space. In [9], it was shown that the fields of fractions of a large class of Poisson algebras 
are Poisson isomorphic to Poisson affine fields over purely transcendental extensions of the 
base field. The method used to prove these Poisson isomorphisms is based on a Poisson 
version of the deleting- derivations algorithm introduced by Cauchon in [6] in order to prove 
the quantum Gel'fand-Kirillov Conjecture for a large class of noncommutative algebras, the 
so-called CGL extensions. We note that, while Cauchon's deleting- derivations algorithm 
cannot be defined when the quantum parameter involved is a root of unity, Haynal [UJ 
generalised Cauchon's algorithm to the root of unity case by using the notion of higher 
derivation. 

The results in [9] are only available over a field of characteristic zero as this assumption 
is crucial in order to define the Poisson deleting-derivations algorithm. The goal of this 
paper is to establish the quadratic Poisson Gel'fand-Kirillov problem for a large class of 
Poisson polynomial algebras over a field of arbitrary characteristic. More precisely, in this 
paper, the Poisson algebras considered are polynomial algebras in several indeterminates 
Xi, . . . , X n , with Poisson bracket given by 

{X i ,X j } = \ ij X i X j + P ij (j<i) 

where (Ay) G M n (K) is a skew-symmetric matrix and Pij is a polynomial in X±, . . . , Xj_i 
for all j < i. These Poisson algebras lie in the class of so-called (iterated) Poisson- 
Ore extensions, a Poisson version of the well-known notion of (iterated) Ore extension 
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in noncommutative algebra. In this article, we introduce the concept of higher Poisson 
derivation in order to define a Poisson deleting-derivations algorithm for a large class of 
Poisson polynomial algebras over fields of arbitrary characteristic, see Sections 2 and 3. 
This allows us to solve the quadratic Poisson Gel'fand-Kirillov problem for this large class 
of Poisson polynomial algebras. We actually go even further in the case where a torus 
is acting rationally by Poisson automorphisms on such a Poisson polynomial algebra A. 
Indeed, modulo some technical assumptions, we can show in this case that the quotients 
by Poisson prime ideals that are invariant under the torus action also satisfy the quadratic 
Poisson Gel'fand-Kirillov problem. So our main result reads as follows. 

Theorem ( 13.81) . Let A be an iterated Poisson-Ore extension over a field IK of arbitrary 
characteristic. Assume that the torus H = (K x ) r acts rationally by Poisson automorphisms 
on A (and that the hypotheses of Theorem Iff. 31 and Hypothesis Iff, ff.il are satisfied). Then, 
for any H -invariant Poisson prime ideal P of A, the field Fr&cA/P is Poisson isomorphic 
to a Poisson affine field. 

In Section HI we present a general machinery to build Poisson algebras satisfying the 
assumptions of Theorem 13.81 This is actually based on a semi-classical limit argument. 
Starting with a quantum algebra TZ satisfying suitable conditions, we prove a transfer result, 
i.e. we show that the semiclassical limit of TZ is a Poisson algebra satisfying the hypotheses 
of Theorem 13.81 As a consequence, we describe large families of examples satisfying the 
quadratic Poisson Gel'fand-Kirillov problem, including for instance the coordinate rings of 
determinantal varieties over a field of characteristic different of 2. 

2 Poisson deleting-derivations algorithm 

Our main aim is to study the Poisson structure of the field of fractions of a class of Poisson 
algebras, called Poisson polynomial algebras or iterated Poisson-Ore extensions. In the 
following paragraph we recall the definition of these Poisson polynomial algebras. 

2.1 Poisson-Ore extension 

Poisson-Ore extensions are Poisson analogue of the well-known notion of Ore extension, 
or skew polynomial ring, in noncommutative ring theory. Their definition is based on the 
following result of Oh [13J. 
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Proposition 2.1. Let a and 5 be K-linear maps of a Poisson K-algebra A. Then the 
polynomial algebra R = A[X] is a Poisson algebra with Poisson bracket extending the 
Poisson bracket of A and satisfying 

{X, a} = a(a)X + 5(a) for all a G A, 

if and only if a is a Poisson derivation of A, i.e. a is a K-derivation of A with 

a({a, b}) = {a(a), b} + {a, a(b)} for all a,b G A, 

and 5 is a Poisson a-derivation of A, i.e. 5 is a ^-derivation of A with 

S({a, b}) = {5(a), b} + {a, 5(b)} + a (a) 5(b) - 5(a)a(b) for all a,b G A. 

Definition 2.2. Let A be a Poisson algebra. The set of Poisson derivations of A is denoted 
by Derp(A). Let a G Deip(A) and 5 be a Poisson a-derivation of A. Set R = A[X]. The 
algebra R endowed with the Poisson bracket from Proposition 12.11 is denoted by R = 
A[X; a, 5}p and called Poisson-Ore extension. As usual we write A[X; a]p for A[X; a, 0]p. 

This construction is easily iterated. We say that R is an iterated Poisson-Ore extension 
over A if 

R = A[X\\ «i, 5i]p[X 2 ] a 2 , 5 2 }p ■ ■ ■ [X n ; a n , 5 n ] P 

for some Poisson derivations a±, . . . , a n and ctj-Poisson derivations 5i (1 < i < n) of the 
appropriate Poisson subalgebras. 

Let A = (Xij) G M n (K) be a skew-symmetric matrix. Then the polynomial algebra 
K[Xl, . . . ,X n ] is a Poisson algebra with Poisson bracket defined by {Xi,Xj} = XijXiXj 
for all This Poisson algebra is called a Poisson affine n-space and is denoted by 
K A [X 1; . . . ,X n ]. This quadratic Poisson structure extends (uniquely) to a Poisson bracket 
on K(Xi, . . . , X n ). The field K.(Xx, . . . , X n ) endowed with this Poisson structure is called 
a Poisson affine field and is denoted by . . . ,X n ). Finally, this quadratic Poisson 

bracket on the Poisson affine space K[Xi, . . . , X n ] extends uniquely to a Poisson bracket on 
the Laurent polynomial algebra KfX^ 1 , . . . jX^ 1 ]. We call this Poisson algebra a Poisson 
torus and it is denoted by K^fX^ 1 , . . . , X^ 1 ]. 

It is clear that the Poisson affine n-space K^fXi, . . . ,X n ] is an iterated Poisson-Ore 
extension of the form K[Xl][X2; a. 2 ]p • • • [X n ; a n ]p, where «j is the Poisson derivation of 
K[Xl, . . . , Xj_i] such that a^Xj) = \jXj for all 1 < j < i < n. 
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2.2 Higher Poisson derivations 

The main tool to build Poisson birational isomorphism between (certain) iterated Poisson- 
Ore extensions and Poisson affine n-spaces is the existence of higher derivations which are 
compatible with Poisson brackets. We now fix the notation and terminology used in this 
article. 

Definition 2.3. Let A be a Poisson K-algebra, a £ Deip(A) and 77 £ K. 

1. A higher derivation on A is a sequence of K-linear maps (Di)°^ = (Di) such that: 

n 

D Q = id.A and D n (ab) = E Di(a)D n _i(b) for all a, b £ A and all n > 0. (Al) 

i=0 

A higher derivation is iterative if DiDj = (^ + . 3S }D i+ j for all i,j > 0, and locally 
nilpotent if for all a £ A there exists n > such that Di(a) = for all i > n. 

2. A higher derivation (Di) is a higher askew Poisson derivation if for all a, b £ A and 
all n > 0: 

n 

= E{A(o),-D«-<(6)} + «(ar>«-i(a)A(6) - A(a)aD ft _i(6)). (A2) 

i=0 

3. A higher a-skew Poisson derivation is a higher (77, a) -skew Poisson derivation if for 
all % > 0: 

A« = «A + ir\Di. (A3) 

4. We say that the derivation 5 of a Poisson-Ore extension v4[X;a,5]p extends to a 
higher (rj, a) -skew Poisson derivation if there exists a higher (77, a) -skew Poisson 
derivation (£)$) on A such that = 5. 

Remarks 2.4. Let A be a K-algebra and 5 a derivation on A. 

1. In characteristic 0, the only iterative higher derivation (Di) on A such that = 5 
is given by: 

D = S - 
n! 

for all 77 > (this easily follows from [T2J, Proposition 2.1]). This iterative higher 
derivation is called the canonical higher derivation associated to 5. 
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2. In characteristic p > 0, an iterative higher derivation (Dj) is uniquely determined by 
the D p k for k > 0. More precisely for n = J2T=o nk P k ^ the P-adic decomposition of n 
we have: 

Df ^ 1 • • • D%£ 

D n = — £ 2—. 

n !ni! • • • n m ! 

See [18], the result for fields being trivially adapted for K-algebras. 

Example 2.5. Suppose K of characteristic zero. Let R = A[X;a,5]p be a Poisson-Ore 
extension where A is a Poisson K-algebra. If there exists 77 G K x such that 5a = a5 + 770" 
then it follows from [HI Lemma 3.6] (with s = —77) that: 

<P({a, 6}) = ^ r) ({^(a), 5 m (b)} + m<5'(a)a5 m (6) - W'(a)o" m a(6)) 

i+m=n 

for all a, 6 G A and all n > 0. From this it is easily shown that the canonical higher 
derivation (j^j is an iterative higher (77, a)-skew Poisson derivation. The examples given 
in [9] provide a large family of a-derivations 5 satisfying 5a = ad~ + f)S for a scalar 77 G K x , 
which extend to higher (77, a)-skew Poisson derivations. 

The following proposition gives a criterion for a sequence of K-linear maps to be a 
higher (77, a)-skew Poisson derivation. This will be used later to extend a higher (77, a)- 
skew Poisson derivation to certain localisations. For G Derp(A), the Poisson bracket of A 
uniquely extends to a Poisson bracket on the formal power series algebra ^4[[-X"]] by setting 
{X, a} = (3(a)X. This Poisson algebra is denoted by A[[X;/3]]p. The Poisson bracket of 
two elements of (3}] P is given by: 

{J>X\^^} = J]( £ ({a i ,6 i } + m,/3(6 i )-j/3(a i )6 i ))x- ) 

*>0 j>0 n>0 i+j=n 

where all the a,s and the bjS are in A. Note that the Poisson derivation /3 of A extends to 
a Poisson derivation of ^4[[X; (3]]p by setting f3(X) = i]X for any 77 G IK since: 

f3({X, a}) = (/3 2 (a) + V /3(a))X = {/3{X), a} + {X, /3(a)}. 

Proposition 2.6. Let (-D«)°i be a sequence of "K-linear maps on a Poisson K-algebra A 
with Do = id.A, a G Derp(A) and rj G K. 

(a) (Di) is a higher a-skew Poisson derivation on A if and only if the K-linear map 
: A — > A[[X; — a]]p given by a X^o^*( a )^ 1 ^ s a Poisson homomorphism. 
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Figure 1 



(b) Extend a to a Poisson derivation on A[[X; — a]]p setting a(X) = r\X. Assume that 
(Di) is a higher a-skew Poisson derivation. Then (Di) is a higher (r/, a)-skew Poisson 
derivation if and only if the diagram of Figure 1 is commutative. 

Proof, (a) It is obvious that \l/ is a K-algebra homomorphism if and only if (Di) satisfies 
Axiom (Al). Let a,b E A. We need to check that the equality ^({a, b}) = {^(a), ^(b)} is 
equivalent to Axiom (A2): 



Since *({a, b}) = E„>o D «({>, &})A n an d { x " \ n > 0} is a basis of A[[X]], the equivalence 
is shown. 

(b) We show that = a^> is equivalent to Axiom (A3). Let a e A. Then we have: 



{*(a),*(6)} = X;{A(a)JC < , J D i (6)XO 



= J2{ D i( a )> D i( b )} xi+j - iDi{a)aDj{b)X i+i + jaDi{a)Dj{b)X i+i 



= J2 ({Di(a),Dj(b)} + jaD^Djib) - iD^aD^X'^ 



= J2J2 D i(P)} + iaDj(a)Di(b) - iD i (a)aD j (b)^X n . 



n>0 i+j=n 



a^(a) 



i>0 



^«A(a)r + A(«)«(^) 



^(aA(fl)+^A(a))r, 



i>0 



On the other hand, we have: 




i>0 



Hence ^/a = a^/ if and only if (Di) satisfies Axiom (A3). 



□ 



8 



Proposition 2.7. Let a G Derp(A), 7] G K and (Di) be a higher (r],a)-skew Poisson 
derivation on a Poisson "K-algebra A. Let S be a multiplicative set of regular elements of 
A. Then (Di) uniquely extends to a higher (rj,a)-skew Poisson derivation on AS" 1 . 

Proof. A derivation (3 of A extends uniquely to AS" 1 by: 

/3(as _1 ) = f3(a)s~ 1 - as~ 2 (3(s) for a G A and s e S. (1) 

So we can extend uniquely a and D\ to AS' 1 . Moreover if a G Der p(A) then after 
extension a G Deip(AS" 1 ). 

Now suppose that (Di) extends to a higher (i], a)-skew Poisson derivation on AS" 1 . For 
a £ A and s G 5, we apply D n to the equation al" 1 = (as _1 )(sl _1 ) to get: 

D n (a)l- X = D n ({as- l ){sl- 1 )) 

n 

= J2 D i( a ^ 1 ) D n~ l (sl' 1 ) 

i=0 

n-1 

= D^as-^sr 1 + Di(as- l )D n _i(sr l ). 

This implies: 

n-1 

D n (as- 1 ) = (p n {a) -Y,D t (as- l )D n ^(s)y- 1 

i=0 

and proves the unicity. 

Let \1/ : A — > A[[X\ — a]]p be the IK-linear map defined in Proposition 12.61 and let 
$ : — a]]p — > AS~ l [[X; — a]]p be the canonical embedding. Consider the composite 

map r = $ o \1> : A — > AS ,_1 [[X; — a]]p and note that T is a K-algebra Poisson homomor- 
phism by Propsition 12.61 since (Di) is a higher a-skew Poisson derivation on A. For all 
s G S, the constant term of T(s) is a unit in AS" 1 and so T(s) is a unit in /1S' _1 [[X; — a]] p. 
Hence T extends to a K-algebra homomorphism P : AS" 1 — > /1S' _1 [[X; — a]]p such that 
r'(as _1 ) = r(a)r(s) _1 . A straighforward computation shows that P is a Poisson homo- 
morphism. 

We consider the diagram of Figure EJ where a has been extended to a Poisson derivation 
of AS~ X [[X; -a}} P via (1) and a(X) = r]X. Since T(a) = ^ i>0 (A(a)l _1 )X J , and (A) is 
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AS'^X; -a]] P -5U AS^X; -a]] P 



AS- 



r 



Figure 2 



a higher (n, a)-skew Poisson derivation on A we have: 
aT(a) = ^a((A(a)l -1 )^) 

i>0 
t>0 

= ^(aA(fl)r 1 +^A(a)l- 1 )X i 

t>0 

= ^(Aa(a)r 1 )^ = Ta(a) for all a E A. 

i>0 

Since T is a K-algebra homomorphism and a a K-derivation we have: 

aT'ias' 1 ) = a(r(a)r(s)" 1 ) 

= «r(a)r(s)- 1 - r(a)r(s)- 2 ar(s) 
= r«(a)r(s)~ 1 - r(a)r(«(s))r(s)- 2 

= ra(a)r(s)~ 1 - r(aa(s))r(s 2 )" 1 
= T'(a(a)s~ — aa(s)s~ 2 ) 
= r / a(as~ 1 ). 

Thus the diagram of Figure [2] is commutative, as desired. 

Define a sequence (A) on AS 1-1 such that A(as _1 ) is the coefficient of X 1 in r'(as _1 ) 
for all as" 1 G AS* -1 . Then, by Proposition 12. 6[ we conclude that this sequence is a higher 
(77, a)-skew Poisson derivation on AS~ l extending (A) 011 A as requested. □ 

We conclude this section by two easy technical lemmas whose proofs are left to the 
reader. 

Lemma 2.8. Let A be a Poisson 'K-algebra, let B C A be a Poisson subalgebra generated, 
as an algebra, by a finite set {b\, . . . , Let a G Derp(A) and (A) be a higher a-skew 
Poisson derivation on A. If A(&j) £ -B and a(6j) G -B for all i > and a// 1 < j ; < n, 
£nen D„(S) C B and D n ({B, B}) C £ /or a// n > 0. 
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Lemma 2.9. Let A be a commutative K-algebra generated by a finite set {a\, . . . , a^}. Let 
a G Derp(A) and (DA be a higher derivation on A. If (DA is locally nilpotent on aj for 
all 1 < j < k, then (DA is locally nilpotent on A. 

2.3 Deleting-derivation homomorphism 

Let A[X;a,(5]p be a Poisson-Ore extension, where A is a Poisson K-algebra and set S = 
{X n | n > 0}. The set S is a multiplicative set (of regular elements) and we denote 
by A[X ±:L ;a;,5]p the localisation S~ 1 (A[X;a,S]p). Poisson brackets extend uniquely by 
localisation, so A[X ±:L ; a, 5}p is also a Poisson algebra, called Poisson-Ore Laurent algebra. 
Suppose that the derivation 5 extends to an iterative locally nilpotent higher (a,?7)-skew 
Poisson derivation (DA with rj e K x . We define the map F : A — > A[X ±:L ; a, 5]p by 

F(a) = - i D i( a ) x ~ i for a11 a e A. 

i>0 ^ 

Note that this sum is finite since (DA is locally nilpotent. 

Proposition 2.10. The K-linear map F : A — >■ A[X ±X ; a, 5]p is a Poisson homomorphism 
and satisfies the following identity 

{X,F(a)} = F(a(a))X for all a e A. 

Proof. F is an algebra homomorphism because (DA satisfies Axiom (Al). Let us show 
that F respects the Poisson bracket using Axiom (A2) and the iterativity of (DA. 

{F(a),F(b)} = £{iA(a)X-\l^(6)X-^ 
iJ>o 71 71 

= E ({^(o), D,(b)}X-^ + ^(6){A(a), X-iyx-* + A(a){X-<, £>,■(&)}*" 

= E -^-({A(a),A(6)}X-^+jA(6)(aA(a)^ + DiA(«))r^ 
i,j>o 77 

= Y.^M Di{a) ' Dj{b)}+jaDi{a)Dj{b) ^ 

i,3>0 V 

+ E -^(jA(^iA(fl)-iA(a)A^(6))x- H - 1 

»J">0 ' 
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i,3>0 ' 

+ E 4(j(i+l)^P + i(a)-i(j + m^Dj+^X-'-i- 1 

i,3>0 V 

= E^ E ^{a)^^)} + i{aD 3 {a)D l {b) - D l {a)aD ] {b)))x- t 

t>0 ' i+j=t 

+ E J^D^D^X-i- 1 - -^D+aWVX-^ 
j,i>i 1 i,k>i 1 

= EiA({«,6})X-« 
t>o 1 

= F({a,b}). 



Finally we used Axiom (A3) and the iterativity of (A) to show that {X, F(a)} = 
F(a(a))X. Indeed, we have: 



{X,F(a)} = J2- l {X,D t (a)}X^ 

= Y J - i H D ^ a )) X + D 1 D i (a))X~ i 

i>0 ^ 

= E ^«(A(a))x-^ + y: ki + m + i(a)x- 

i>0 ' i>0 ' 

= E iA D ^)) x ~ i+1 + E ^A(a)*-* 1 

i>0 ' i>l ' 

i>0 ^ 

= E^(«(a))X" i+1 

i>0 ' 

= F(a(a))X 



□ 



We are now ready to state the main result of this section. 



Theorem 2.11. Let A[X;a,5]p be a Poisson-Ore extension, where A is a Poisson K- 
algebra. Suppose that 5 extends to an iterative, locally nilpotent higher (rj, a) -skew Poisson 
derivation (A) on A with r] e K x . Then the algebra homomorphism F : A — >■ AfA^ 1 ] 
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defined by: 

i>0 ' 

uniquely extends to a Poisson K-algebra isomorphism: 

F : A[F ±1 ; a] P A- A[X ±l - a, 5] P 

by setting F(Y) = X. 

Proof. Clearly F extends uniquely to a K-algebra homomorphism from Af}^ 1 ] to AfX 1 *" 1 ] 
by setting F(Y) = X. In view of Proposition 12.101 we know that F({a, b}) = {F(a) } F(b)} 
for all a, b G A. Moreover, we have: 

F({Y,a}) = F(a(a)Y) = F(a(a))F(Y) = F(a(a))X = {X,F(a)} = {F(Y),F(a)} 

for all a G A. Thus F is a Poisson homomorphism from A[Y ; a]p to A[X ; a, S] P . 

To conclude we show that F is bijective. First, let / G Af!^ 1 ] be a nonzero Laurent 
polynomial. We can write / = Y^T=i a i^ % •> wnere h m are two integers with / < m, and 
a,i G A for alii G {/,... , m} with a m ^ 0. Observing that 

F{ ai Y*) = - k D k { ai )X l - k = a % X l + - k D k { ai )X*- k 

k>0 ^ k>l ^ 

for all i, we can write F(f) = a m X m + Yli^j 1 hX l , for some j < m and where bi (z A for 
all j < i < m. Thus F(f) ^ 0, and F is injective. 

For the surjectivity, we already have F(Y ±1 ) = X , so we just need to check that 
A C lm(F). Let a G A. Since {Dj) is locally nilpotent, there exists / > such that 
Di(a) =0. If I < 1, we have F(a) = a and so a G Im(F). Assume I > 1 and write 
F(a) = a + Yfill ^DiiajX-*. Since A-iA(o) = Q A (a) = for i = 1, . . . , I - 1, we have 
Di{a) G Im(F) for all i = 1, . . . , I — 1 (we proceed by induction on /). Thus F(a) — a is in 
the image of F and so does a. Thus F is surjective. □ 

2.4 Case where a torus acts rationally: i7-equi variance of the 
deleting-derivation homomorphism 

Let A be a finitely generated Poisson K-algebra. Suppose that a torus H is acting by Pois- 
son K-algebra automorphisms on a Poisson-Ore extension A[X; a, 5]p such that H(A) = A. 
We suppose that the indeterminate X is an if -eigenvector and that H commutes with the 
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derivation a. Let h G H and set h(X) = fiX for a scalar /i G K x . Then if is also acting 
by automorphisms on A[Y; a]p via: 

n n 



j=0 



i=0 



for all h £ H. Note that fo(Y) = pY. Moreover this action respects the Poisson bracket of 
A[Y; a]p since 

fc({y, a }) = h(a(a)Y) = h(a(a))h(Y) = fia(h(a))Y = //{Y, %)} = {/i(Y), %)}. 

These if -actions extend uniquely by localisation on ALY ±:L ; a, 5}p and A[Y ±:L ; a]p since X 
and Y are if -eigenvectors. With a desire of clarity, we sometimes distinguish between the 
actions of h G H on A[X ±1 ;a,5]p and y4[Y ±1 ;a]p by using subscripts: h x and /iy. The 
following lemma gives conditions under which these actions commute with the deleting- 
derivation homomorphism F defined at the beginning of Section 12.31 

A[X ±1 ; a, 5} P hx > A[X ±X ; a, 5] P 



F 



Figure 3 



AiY^ajp 



Lemma 2.12. Suppose that 5 extends to a higher (r],a)-skew Poisson derivation (Dj) on 
A with r\ G K x . We denote by {a 1; . . . , a{\ a set of generators of A. If for all n > and 
all 1 < i < I we have 

h(D n (oi)) = fi n D n (h(a t )) 
then hxF = Fhy, that is the diagram of Figure^ is commutative. 

Proof. For all 1 < i < I we have 

h x (F{oi)) = ^2^h x (D k {ai))h x {X- k ) 

k>0 ^ 
k>0 ^ 

= F(h Y (oi)), 
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since hx(a) = h(a) = hy(a) € A for all a e A. We conclude by noting that 
h x (F(Y)) = h x (X) =fiX = fiF(Y) = F(fiY) = F(h Y (Y)). 

□ 

3 Quadratic Poisson Gel'fand-Kirillov problem 

In this section we give a positive answer to the quadratic Poisson Gel'fand-Kirillov prob- 
lem addressed in the introduction of this paper, for Poisson algebras satisfying suitable 
conditions (see Section and some of their quotients (see Section EOj) . 

3.1 Preliminaries 

In order to extend the results of the previous section to iterated Poisson-Ore extensions, we 
need to know the behaviour of a higher Poisson derivation when reordering the variables. 
This is the objective of the next two lemmas. 

Lemma 3.1. Let A be a Poisson "K-algebra and R = A[X; a, S]p\Y ±1 ; /3]p be an iterated 
Poisson-Ore extension, where 0(A) C A and /3(X) = XX for AeK. 

1. Then R = A^ 1 ; f3'] P [X; a', 8'] P , where f3' = (3\ A , a'\ A = a, 5'\ A = 5, a'(Y) = -XY 
and 5'(Y) = 0. 

2. If 5a = a5 + r]5 in A, then 5' a 1 = a' 5' + rjd' in A^ 1 ; (3) p . 

3. Suppose further that 5 extends to a higher (rj, a) -skew Poisson derivation (Dj) on A 
and that (3Di = Dij3 + iXDi for all % > 0. Then 5' extends to a higher (j],a')-skew 
Poisson derivation (D'j) on AlY^; 0\p such that the restriction of D\ to A coincides 
with A for alli>0, and D[(Y) = for alii > 0. 

4- Keeping the assumptions of 3. we have 

(a) If (Di) is iterative, then (D'j) is iterative. 

(b) If (Di) is locally nilpotent, then (/}•) is locally nilpotent. 

Proof. 1. Since (3(A) C A and {X, Y } = — XXY we can switch the variables X and Y in 
the expression of R as a Poisson-Ore extension. The new applications we obtain are those 
described in 1. 
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2. We only check the equality on a monomial aY l £ Afy 1 * 11 ] since the derivations involved 
are K-linear. 

SW{aY*) = 5'{a'{a)Y l + aa'iY 1 )) 

= 5'{a'{a)Y l ) + 5\-i\aY l ) 

= 5'{a\a)Y l ) - i\{5'{a)Y l + 5'{Y l )a) 

= (8a(a) - zA<f(a))Y* 

= (a6(a) + 775(a) -i\5(a))Y' L 

= {a'5' + 7]5'){aY l ). 

3. Define a sequence of K-linear maps D[ : A[Y ; /3']p — > y4[y ±x ; /3']p for alH > by 

m m 

D 'i{ E = E D Mi)y j - 

j=—m j=—m 

We check that (D^) is a higher (77, a')-skew Poisson derivation on A[Y ±:L ; /3']p satisfying all 
conditions of 3. First, it is clear that D'^a) = Di(a) for all a £ A. Moreover D[{Y) = 
Di(l)Y = for i > and D' = id on AfY* 1 ; /3']p. The following computation shows that 
5' extends to (-D 4 ') : 

mm m m 

D 'i{ E a i yj ) = E = E = 6 '{ E % yi )- 

j=—m j=—m j=—m j=—m 

Axioms (Al), (A2) and (A3) of Definition 12.31 are established on monomials of Afy 1 * 11 ] 
(since the Poisson bracket is K-bilinear and the D[ and the Di are K-linear maps). 
First, for all a, h £ A and all i,j £ N: 

^((arX&y')) =D n (ab)Y i+j 

n 

= Y,D k {a)D n _ k {b)Y^ 

k=Q 

n 

= J2 D 'k( aYl ) D 'n- k ( bYJ )- 
k=0 
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Hence Axiom (Al) is proved. Next 

D' n ({aY\ bY>}) = D' n [({a, b} + i/3'(b)a - j p \a)b)Y i+ i] 

= [D n ({a,b}) +iD n (/3(b)a) - jD n (f3(a)b)]Y i+j 

Y i+ i 



IV 

= [{D k (a),D n _ k (b)} + k(aD n _ k (a)D k (b) - D k (a)aD n „ k (b)) 

k=0 

n 

+ iJ2D n -k(a)D k p(b)Y* + i 

k=0 

n 

-jJ2 D n-k(b)D k (3(a)Y^, 



k=0 

whereas 



n 

J2{ D ' k ( aYi ), D n-k(bY j )} + k{a>DU(aY l )D' k (bY>) - D' k {aY')a' D' n _ k {bY^)) 

k=0 

n 

= ({D k (a),D n „ k (b)} + iD k {a)(5'D n ^ k {b) - j/3'D k (a)D n - k (b)")Y i+ * 

k=0 

n 

+ £ kD k (b) {aD n _ k {a)Y* + D n ^ k (a)a' (Y i ))Y j 

n 

-J2kD k (a){aD n _ k (b)Yi + D n . k (b)a' 

k=0 

n 

= ({D k (a),D n _ k (b)} + iD k (a)f3D n _ k (b) - j pD k {a)D n _ k {b))Y i+i 

k=0 

n 

+ kD k (b) {aD n _ k (a) - i\D n _ k (a))Y i+ i 

k=0 

n 

-J2kD k (a)(aD n _ k (b) - j \D n _ k (b))Y i+ i 

k=0 

n 

= Y ({D k (a),D n _ k (b)} + k(aD n _ k (a)D k (b) - D k (a)aD n _ k (b))y^ 

k=0 

n n 

+ i D k (a)/3D n _ k (b)Y i+ i -t\J2 kD n _ k {a)D k {b)Y^ 

k=0 k=0 

n 

- j D n-k(b) {/3D k (a) - k\D k (a))Y l+ i 

k=0 

n 

= J2 [{D k (a),D n ^ k (b)} + k(aD n _ k (a)D k (b) - D k {a)aD n _ k {b)))Y i+j 

i n 



fc=0 
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+ iJ2D n -k(a)((3D k (b) - k\D k (b))Y' t+ i 

k=0 

n 

-jJ2 D n-k(b)(PD k (a) - k\D k (a))Y^. 

k=0 

(In the last step of this computation we used a change of variable k! = n — k in the second 
sum). Since /3D k — XkD k = D k fi for all k > 0, Axiom (A2) is established. And finally, we 
get Axiom (A3) by computing: 

(a'Dl + ir^D'^aY 1 ) = a' (D,i(a)Y l ) + zr]Di(a)Y l 

= (a A (a) - A/ A (a) + ir}Di(a))Y l 
= (Aa(o) - \lDi{a))Y l 
= Di(a(a) - \la)Y l 
= A' ((<*(a) - A/a)F') 
= A;(a'(a^)), 

for alH > and Z G Z. 

4(a). If (A) is iterative on A, then 

DtyiaY 1 ) = D[(D 3 {a)Y l ) = D.D^Y 1 = (* + . J ^jD i+j (a)Y l = (" + . J ^D' i+j (aY l ) 

for all a G A, m G Z and z,j > 0. Hence (A') is iterative on v4[y ±:L ; f3']p. 
4(b). Suppose that (A) is locally nilpotent on A. Using Lemma [231 we only need to check 
that (A) is locally nilpotent on a set of generators of A\Y ]. We take A U jF" 111 }. For 
all a G A and % > we have A'( a ) = Di(a), so that (A) n ( a ) = for n >> 0. Moreover 
D\{Y) = (which implies D'^Y^ 1 ) = 0) for all i > 0. The result is shown. □ 

Lemma 13.11 can be generalised as follows. 

Lemma 3.2. Let A is a Poisson ~K-algebra and set R = A[X\; a±, Si]p ■ ■ ■ [X n ; a n , 5 n ]p[y ±:L ; (3}p, 
where (3(A) C A and {3(Xi) = A;Aj with Aj G K for all 1 < i < n. Let 
Rj = A[Xi, ai, Si]p ■ ■ ■ [Xj] ctj, Sj]p for j = 1, . . . , n and Ro = A. 

1. Then R = A[F ±1 ; f3'] P [Xi; a[, 5[]p ■ ■ ■ [X n ; a' n , S' n } P , where (3' = 0\ A , = a h 
S' i \p j = 5i, o^(Y) = — \{Y and S'^Y) = for all i = 1, . . . ,n and j = 1, . . . ,i — 1. 

2. Set R'- = A[Y ±X ; (3'} P [Xi] a[, 5[] P ■ ■ ■ [Xj; a'j, 8' 3 ] P . For all i, if 5^ = + 77^ on 
Ri-i, then 5'tcx't = a + r^- on i?J_ x . 
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3. Suppose that each 5i extends to a higher (r)i,ai)-skew Poisson derivation (-0^)^=0? 
and that (3D i k = D i k (3 + k\iD ik on Ri-i for all i and k. Then each 5[ extends to a 
higher [r]i,a' i )-skew Poisson derivation (D'^k^o on R'^i, where D' ik coincides with 
D i>k on Rj, for j < i, and D' i k {Y) = for k > 0. 

4- Keeping the assumptions of 3. we have 

(a) If (D it k)kL is iterative for any i, then (-D^)£L ^ s iterative. 

(b) If (-Di,jfc)fcL is locally nilpotent for any i, then (D'i^k^o ^ s ^ oca % nilpotent. 

Proof. Easy induction left to the reader. □ 

3.2 Quadratic Poisson Gel'fand-Kirillov problem 

The theorem below gives conditions under which (a quotient of) a suitable iterated Poisson- 
Ore extension is birationally equivalent to (a quotient of) a Poisson affine space. Recall 
that a Poisson prime ideal P of a Poisson algebra A is a prime ideal which is also a 
Poisson ideal, i.e. such that {a, u} G P for all a G A and u £ P. An ideal I of a K-algebra 
supporting a torus .ff-action by Poisson automorphisms is said H -invariant if H(I) = I. 

Theorem 3.3. Let A = K[Xi][X 2 ; &2\p ■ ■ ■ [X n ; a n , 5 n ]p be an iterated Poisson-Ore ex- 
tension such that each derivation Si extends to an iterative, locally nilpotent higher (rji, ctj)- 
skew Poisson derivation (Di,k)kLo on 

A^x = K[Xi][X 2 ; a 2 , 5 2 } P ■ ■ ■ [X^i, a^i, Si-i] P , 

where each rji is a nonzero scalar. Suppose furthermore that for all 1 < j < i < n there 
exists Ajj G IK such that a^Xj) = \jXj, and ciiD^ k = Dj k a.i + k\jDj k for all k > 0. Let 
A = (Ay) be the skew-symmetric matrix in M n (K) whose coefficients below the diagonal 
are the above scalars. Then: 

(1) There exists a Poisson algebra isomorphism between Frac A and Kx(Yi, • • • , Y n ). 

(2) For any Poisson prime ideal P in A, there exists a Poisson prime ideal Q in 
B = . . . , Y n ] such that the fields Frac A/P and Frac B/Q are isomorphic as Poisson 
algebras. 

(3) Assume that the torus H = (IK x ) r is acting rationally by Poisson automorphisms 
on A such that each X$ is an H- eigenvector, and B is endowed with the induced H -action 
(for all h G H and all 1 < % < n there exists ^ G K x such that h{Xj) = iiiXi; then 
the action of h on the generator Yi of B is given by h{Yj) = ^Yi). Moreover we suppose 
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that h[Di } f.{Xj)\ = fi^Di t k(h(Xj)^ for all 1 < j < i < n and k > 0. Then, for any 
H -invariant Poisson prime ideal P in A, there exists an H -invariant Poisson prime ideal 
Q in B = ~K\[Y]_, . . . ,Y n ] such that the fields Frac A/P and FracP/Q are isomorphic as 
Poisson algebras. 

Proof. We prove these results all together by three inductions: first on n, second on the 
number d of indices i for which Si ^ and finally on the maximun index t for which 5 t ^ 
(this last induction being downward). If d = then set t := n + 1. 

Ifn=lort = n + l the result is shown. Indeed if n — 1, Frac (K[X]) = and if 

t = n + 1, then d = and A = K[Xi] [X 2 \ a 2 ] P ■ ■ ■ [X n \ a n ] P = K X [X U . . . , X n ] = B. So we 
can assume that n > 2 and t < n. 

Let P be a Poisson prime ideal in A. Assertion (1) is satisfied when P = Q = in (2). 
Assertions (2) and (3) are shown simultaneously. The proof splits in three cases: first if 
X n G P, next if X n ^ P and t = n, and finally if X n £ P and t < n; each case will be 
solved by a different induction. Note that, for all 1 < i < n, the if- actions on A and B 
induce, by restriction, if-actions on the subalgebras and Bi := K\. [Xi, . . . ,X{], where 
Aj is the upper left % x % submatrix of A. When P is an if -invariant ideal of A we also 
consider the induced action of H on A/ P. These actions are all rational actions by Pois- 
son automorphisms, such that the generators of the algebras considered are if-eigenvectors. 



First case: X n 6 P. Consider the Poisson algebra homomorphism $ : A n _i — > A/P 
defined by $(A"j) = Xi for all i < n. Since $ is surjectif, there exists a Poisson prime ideal 
P' = ker($) in A n _\ such that A/P = A n -i/P'. Moreover it is clear that P' is if -invariant 
if P is if -invariant since the diagram of Figure H] is commutative for all h £ if . By the first 



.4 



n-1 



h 



An-! 



Figure 4 



A/P 



A/P 



induction (on n), there exists an (if -invariant if P is if -invariant) Poisson prime ideal Q' 
in the algebra B n _i such that FracA n _i/P' = FracP n _i/<5'. Observe that Q = Q' + BY n 
is an (if -invariant if P is ff -invariant) Poisson prime ideal in B such that B n -i/Q' = B/Q. 
Thus Frac A/P S FracP/Q. 
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Second case: X n P and t = n. So S n ^ 0. Set A' = A n _i[F;a„]p. Since S n 
extends to an iterative, locally nilpotent higher (j] n , a n )-skew Poisson derivation (D n j,)^ =0 
on A n _i, it follows from Proposition 12.111 that An^X^ 1 ; a n , S n ]p = A n _i[Y ±:l ; a n )p and 
so AfX" 1 ] = A' [Y^ 1 ]. Thus there exists a Poisson prime ideal P' = P[X~ l ] n A' in A' 
such that FracA/P = FmcA'/P', where P' = if P = 0. As in Section [23J the action of 
if on A n _x extends to v4 n _ 1 [F ±1 ; a n ]p by setting = fJ, n Y (where /j, n G K x is defined 
by h(X n ) = fi n X n ). Then, if the ideal P is ii-invariant, the ideal P' is if-invariant since 
the Poisson isomorphism A n _i[X^ 1 ; a n , S n ]p = A n _i[Y ±:L ; a n )p commutes with all h G H 
(choose {Xi, . . . ,X n _i} for a generating set of A n _i and apply Lemma [2.121 with A n _\ as 
coefficient ring). Finally, the number of nonzero maps among S 2 , . . . , <5 n -i is d — 1, so the 
induction step (on d) gives the result for Fr&cA'/P' and so for Fr&cA/P. 

Third case: X n £ P and t <n. Thus S n = 0. By Lemma [3.21 we can write ^[X" 1 ] in 
the form 

A[X-'] = K[X X ] [X+ 1 ; <]p[X 2 ; a' 2 , S' 2 ] P ■ ■ ■ [X B _ l5 S'^p 

where a[{Xj) = XijXj for j < i and j = n, and each S[ extends to an iterative, locally 
nilpotent higher (77$, aQ-skew Poisson derivation (P/ k )^L on 

:= K^]^ 1 ; a' n )p[X*\ < 5' 2 ] P ■ ■ ■ [X^ x - «U Ci]p- 

It is clear that we have a-P^ = D' j)k o^ + kX i:j D' jk and h(D' ik (Xj)) = ^D' ik (h(Xj)) for 
all 1 < j < i < n, all k > and all h G H, since by Lemma 13.21 we have: 

{Di^Xj) j < i and k > 0, 
X n j = n and fc = 0, 

j = n and k > 1. 

We can now use the induction hypothesis since the derivation S' t is nonzero restrict to 
St) and occurs in position t + 1 in the list 0, 0, . . . , 5^ t _ 1 . And thus the induction on t 
allows to conclude. □ 

By Example 12. 5[ when char IK = 0, the hypotheses of [9, Theorem 3.9] imply those 
of our Theorem 13.31 (except Assertion 3). Hence Assertions 1 and 2 of our Theorem 13.31 
generalises [91 Theorem 3.9] to any characteristic. 
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3.3 Quadratic Poisson Gel'fand-Kirillov problem for quotients 
by i/-invariant Poisson prime ideals 

Assertion 3 of Theorem I3.3l can be made more precise when we make additional assumptions 
(Hypothesis 13. 3. 1 [) on the torus action. In this case we can prove that the field of fractions 
of B/Q is a Poisson affine field. This is the result stated in Theorem 13.81 

Set [l,n] := {1, ...,n} and E := ^([[1, n|), the set of subsets of Jl, nj. The key is 
to show that, under a suitable if-action, the only if-invariant Poisson prime ideals of a 
Poisson affine space B = Kj^fYi, . . . , Y n ] are the ideals J w :=< Yi \ i G w >, where 
w G E. This will be achieved in Section [3.3.21 

From now on, we require that the field IK contains at least one element which is not a 
root of unity, or that IK is algebraically closed. 

3.3.1 Assumptions on the iJ-action 

Let r > 0. Suppose that the torus H = (K x ) r is acting rationally by Poisson auto- 
morphisms on the iterated Poisson-Ore extension A = K[Ai][A 2 ; 0^2, #2]p • • • [X n ; a n , 6 n ]p 
such that each Xi is an if-eigenvector and suppose that there exist scalars Ay for all 
1 < 3 ' < i < n such that oii(Xj) = \jXj. The rational character group X(H) of H is 
identified with the group Z r via the bijection 

Z r — ► X(H) 
x = (xt, . . . , x r ) 1 — ► ((hi, ...,h r ) 1 — > hi 1 ■■■ h x r r ^j . 

Since if is a torus, the rationality of the action means that A is the direct sum of its 
if-eigenspaces, and the corresponding eigenvalues are rational characters of H (i.e. they 
are homomorphisms of algebraic varieties (IK x ) r — > K x ), see [H Theorem II.2.7]. For 
1 < % < n we denote by / e Z r the character associated to X{. For /x = (fi±, . . . , fi r ) G Z r 
and v_ = (ui, . . . ,v r ) G Z r , we set (/jl\u) := Yli=i t J, i v i- 

In the following we restrict our attention on Poisson algebras satisfying Hypothesis 
13.3.11 In Section H] we will present many examples of such algebras. 

Hypothesis 3.3.1. For all 1 < i < n, there exists 7 G IT such that 
• H = (Til/,-) for a11 1 < 3 < i| 



22 



Form the skew-symmetric matrix A G M n (K) whose coefficients below the diagonal 
are the A^- and, as in Assertion 3 of Theorem I3.3[ endow B = Kx[Yi, . . . ,Y n ] with the 
rational //-action by Poisson automorphisms induced by the inaction on A. Note that for 
all 1 < i < n, the indeterminate Y{ is an //-eigenvector with associated character /. G Z' r . 

3.3.2 //-invariant ideals in Poisson affine spaces 

For w G E we set w := [1, nj \ w. Assume w ^ 0. We denote by S w the multiplicative set 
of B / J w generated by the Yi + J w for i Ew, and consider the algebra 

T = (B/J W )S W \ 

We set W := {/i, . . . , l s }, where 1 < li < ■ ■ ■ < l s < n and s G {1, . . . , n}. For all 
i G {1, . . . , s}, set Ui := Yi. + J w and for all 1 < j < i < n, set A^ := X^i-. Then T is the 
Poisson torus T = K( A ^)[L r f tl , . . . , U^ 1 }, where (A^) is the skew-symmetric matrix whose 
coefficients under the diagonal are the scalars A^ ■ defined previously. 

Since the ideal J w and the multiplicative set S w are generated by //-eigenvectors, the 
torus H is acting rationally by Poisson automorphisms on T and for all 1 < i < s the 
indeterminate Ui is an //-eigenvector with associated character ttj := / . Moreover for 
all i G {l,...,s\, we set 7' := 7 and p\ := pu. Thus we have A^ = (7'.|w,-) for all 
1 < j < i < s and p- = (7'luJ G K x for all 1 < i < s. 

Lemma 3.4. Let (mi, . . . , m s ) G Z s \ (0, . . . , 0) and suppose that U := U™ 1 ■ ■ ■ U™ 3 is 

a Poisson central element in T. Then there exists h G H such that h(U) = eU with 
eeK\{0,l}. 

Proof. We can assume that m s is nonzero. Otherwise replace s by the largest i such that 
rrii 7^ in the following. Start by noting that U G Z p {T) implies that = {U,U S } = 
{J2i<s m iKi)UU s , i.e. J2 i<s m iKi = °- 

Let i < s. Set 7^ := (pi, . . . , p r ) G Z r . Thus we have A^ = Y^j=i ^j^j w ith the notation 
u t := (vi,...,v r ) G If. Let q G K x and set /i s := (g w , . . . , q^ r ) G H. Still identifying 
X(H) with Z r , we have 

W') = uAh s )U = (q^r ■ ■ ■ (q^Ui = q*«Ui 

for all % < s, and 

h t (U.) = u s (h s )U s = q^s) Us = qP 's Us . 
So h s (U) = q^i<s miX 'siqp's m sU = qp's m sjj _ gy the assumptions on the ground field made 
at the beginning of Section 13.3} we can choose q such that q p 's ma ^ 1, and the result is 
shown. □ 
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The following result comes from [17J. The author was working over the base field C 
but the result is still true over an arbitrary infinite base field. 

Lemma 3.5 (Vancliff). If I is a Poisson ideal ofT , then I is generated by its intersection 
with the Poisson center ofT. 

Proposition 3.6. If I is an H -invariant Poisson prime ideal ofT, then I = {0}. 

Proof. Suppose / ^ {0}. By Lemma l3.5[ there exists a nonzero Poisson central element 

V el. Write V = Ai£/ m H V\ k U mk with m l: . . . , m k G Z s pairwise distinct, Xx,...,X k e 

K x and k > 0. Suppose that V is chosen in such way that k is minimal. If k = 1, then V 
is invertible and I — T, a contradiction, thus we suppose k > 1. 

The monomials U mi , . . . , U mk are Poisson central, invertible and U mk (U mi )~ l = U m 
with m = rrik — mi G If \ (0 . . . , 0). Thus by Lemma 13.41 there exists h G H such that 
hiU^iU™ 1 )- 1 ) = eU^iU™ 1 )- 1 with £GK\{0, 1}. Since U U ...,U S are /i-eigenvectors, 
then so are U mi , . . . , U mk and we can write h(U mi ) = ViU mi with z/j G K x for all 1 < % < k. 
Consider now the Poisson central element W = V — v^ 1 h(V) El. We have 

k k 

w = Mi - ^r 1 )^ = X)Mi - wi 1 )^. 

i=l i=2 

Since eU mk {U mi )- 1 = h{U mk (f/™ 1 )" 1 ) = u k u^ l U mk {U mi )- 1 we have v k u^ ^ 1 and so 
W 7^ 0. Thus W is a nonzero Poisson central element of / which can be written as a sum 
of at most k — 1 monomials. This contradicts the choice of k. □ 

Notation. The Poisson prime spectrum of B, denoted PSpec (B), is the subset of Poisson 
ideals in Spec (B). For all w G E we defined a subset of PSpec (B) by 

PSpec W (B) = {i G PSpec (5) | I n {Y 1; . . . , Y n } = {Y, | i G w}}. 

These subsets form a partition of PSpec (B). 

Proposition 3.7. The only H-invariant Poisson prime ideals of B are the ideals 

J w =< Yi | i G w > 

for all w of E. 

Proof. Let I be an if-invariant Poisson prime ideal of B. There exists w G E such that 
/ G PSpec W (B). If w — {1, . . . , n}, then J w is a maximal ideal and thus / = J w . 
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Suppose w^{l,...,n}. Then J w C I and I / J w is a Poisson prime ideal oi B / J w which 
does not intersect the multiplicative set S w . Thus P = (I/J^S' 1 is a Poisson prime ideal 
of the Poisson torus T = (B / J w )S~ l . Since 7 is ii-invariant and all elements of S w are 
if-eigenvectors, the ideal P is if- invariant. Proposition 13.61 implies P = {0} and so i = J w , 
as desired. □ 

Combining Proposition 13.71 and Theorem 13.31 we obtain the main result of this section. 

Theorem 3.8. Let A be an iterated Poisson-Ore extension satisfying all the hypotheses 
of Theorem \3.3[ Assume that Hypothesis \3. 3.1\ is satisfied. Then, for any H -invariant 
Poisson prime ideal P of A, the field of fractions FracA/P is Poisson isomorphic to a 
Poisson affine field K X '(Zi, . . . , Z m ), where m < n and A' £ M. m {K) is a skew-symmetric 
matrix. 

Proof. By Theorem 13.31 we have Frac A/P = Frac B/Q where B = K.\ [Yi , . . . , Y n ] and Q 
is an if -invariant Poisson prime ideal of B. By Proposition 13.71 there exists w £ E such 
that Q = J w . Then B/Q = IK A /[YJ | % ^ w], where A' is the skew-symmetric submatrix of 
A obtained by deleting rows and columns indexed by i £ w. The result follows. □ 

Theorem 13.81 is new even in characteristic zero. In the following section, we prove a 
result that shows that the hypotheses of Theorem 13.81 are satisfied for a large class of 
Poisson polynomial algebras. 

4 Quadratic Poisson Gel'fand-Kirillov problem and 
semiclassical limits 

In this section we give examples of Poisson K-algebras satisfying the hypotheses of Theorem 
13.81 so that they satisfy the quadratic Poisson Gel'fand-Kirillov problem addressed in the 
introduction. These Poisson K-algebras actually arise as semiclassical limits of quantum 
algebras described in [Til Section 5]. In order to prove a transfer result, one needs to 
address the existence of higher Poisson derivations on the Poisson algebras considered. A 
key-point is that the existence is actually guaranteed by the semiclassical limit process. 

We continue to assume that the ground field K contains at least an element which is 
not a root of unity, or that K is algebraically closed. 
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4.1 Semiclassical limit process and existence of higher Poisson 
derivation 



We begin by recalling the semiclassical limit process. Let TZ be a (non necessarily com- 
mutative) integral domain over K[i ]. The element (t — 1) is central and we denote by 
(t — 1)71 the (left and right) ideal generated by (t—1). For r,s&TZ, we set [r, s] := rs — sr. 
Assume that the algebra R = 71/ (t — 1)71 is commutative. For convenience, the image of 
an element r G 7Z in the quotient algebra will be denoted alternatively by r, r + (t — 1)71 
or r\ t= \. Since R is commutative, we have [r, s] G (t — 1)71, and so there exists a unique 
element j(r, s) G 7Z such that [r, s] = (t — l)7(r, s) = j(r, s)(t — 1). We will often use the 
following notation for the element 7(7", s): 

j—^ ■= Tin s). 

It is well known that one defines a Poisson bracket on R by setting 

[r, s] 



{r,s} := 



t- 1 

for all r, s £ 1Z. The commutative algebra i? endowed with this Poisson bracket is called 
the semiclassical limit of TZ at t — 1. For more details on semiclassical limit we refer the 
reader to [U III. 5. 4] or [7J Section 1.1.3] for instance. 

Before going any further, we need to recall the notion of g-integers and g-binomial 
coefficients, where q is a nonzero non-root-of-unity element of K[t ]. Our conventions are 
as follows. For all i > k > we set 

«, = <r 1 + <r 2 + •■■ + !, 



By convention (0)! 9 = 1. In the following, we will use g-integers in the case where q = t v 
for i] G Z. 

The following proposition gives the existence of a higher (rj, a)-skew Poisson derivation 
on a Poisson-Ore extension which is the semiclassical limit of an Ore extension satisfying 
suitable conditions. 

Let A be a K[t ±1 ]-algebra, let a be an automorphism of the K[t ±1 ]-algebra A and let 
A be a K[t ±1 ]-linear a-derivation of A. Recall that the Ore extension 7Z = A[x; a, A] is 
just the skew polynomial ring whose multiplication is defined by: 

Xa = a{a)X + A(a) 
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for all a G A. 



Proposition 4.1. Let A be a torsion free K[t ±1 ]-a/g , e&ra. Consider the Ore extension 
7Z = A[x; a, A] and suppose that R := 71/ (t — 1)71 is a commutative K-algebra. Then 

1. R is a Poisson-Ore extension of the form A[X; a, 5}p, where A = A/ (t — l)A, X = x, 
a G Derp(A) and 5 is a Poisson a-derivation of A. More precisely, we have 



o — id 



a 



t-1 



and 5 



A 



t-1 



t=i 



meaning that for all a G A we have a (a) = <7 ^ 1 a \t=\ and 8{a) = ^r^|t=i- 
2. Suppose furthermore that Aa = t v aA for some integer r\ G K x and that 

A\A) C {t-l)\i)\ t nA 

for all % > 0. Then 5 extends to an iterative, higher (r],a)-skew Poisson derivation 
(Di) on A, which is locally nilpotent if A is locally nilpotent. More precisely, Di is 
defined by 

for all a G A. 



t=i 



Proof. 1. First note that (t - 1)71 = (f - l)A[x; a, A], where (t - 1)^4 is a (a, A)-stable 
ideal of ^4. So the corresponding quotient algebra is of the form 

R = 71/ (t - 1)71 = (A/(t - 1)A) [X] = A[X\. 

We already know that R is a Poisson algebra, so it just remains to prove that R is a 
Poisson-Ore extension. Since R is commutative, for a G A, we have 



= xa — ax = (cx(a) — a)x + A(a) = (cr(a) — a)X + A(a). 

So (cr(a) — a) G (t — 1)^4 and A(a) G (t — 1)^4 for all a G A The Poisson bracket between 
a G A and X is given by: 



We set 



{X,a} 



a := 



a\a) — a 



t-1 
o~ — id 



t=i t-1 



t=i 



t-1 



and 5 := 

t=\ t-1 



t=i- 
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One can easily check that a and 5 are well defined, and that a G Deip(A) and 5 is a 
Poisson a-derivation on A. Thus 



{X, a} = a(a)X + 5(a) 

for all a G A, and the algebra R is a Poisson-Ore extension of the form A[X; a, 5}p. 

2. We claim that one defines an iterative, higher (rj, a)-skew Poisson derivation (Di 
on A by: 

DAa) 



t=i 



for alH > and all a G A. First, since A*(*4) C (t— iy(i)\ tv A, it is straightforward to see 
that the map Di is well defined for all i > 0. It remains to check that (Di) satisfies all the 
relevant axioms of Definition 12.31 Axiom (Al) follows from the fact that a (a) = a for all 
a G A. Set di = for all i > 0. Then (A3) follows easily from the identities 

di(a - id) = t ir '(a - id)di + (f> - l)d { 

for all % > 0. The higher derivation (Di) is iterative since didj = [ l ^ 3 )^di + j. Moreover, it 
is clear that (Di) is locally nilpotent if A is. 

The verification of (A2) involves more computations, so the details are given here. Let 
it, f G A. Then one can easily check that 

n 

d n (uv) = ' s ^2 l <7 n ~ l d i (u)d n -. i (v), 
so that for all a, b G A we have 

r ,n _ n— 1 n-1 

Observe that for i < n: 

n—i 

o^d^dn^b) = ^2a n - i - j (a - id) d^a) d n _i(b) + di(a)d n ^(b). 
i=i 

Thus 

n— 1 n—i 



d - (rij) = JT^T) E ( E ^""V " id)^(a)rfn-,(&) - ]T o n -^(o - id)^(6)rf n _ 

_l_ ^ [di(a),d n . 



d-lJ (t-l) z 

Q-) j d n —i 
(t-1) 
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Dividing by (t — l) n , and then projecting onto R, we get: 

n n 

D n ({a,b}) = J2{Di(a),D n ^(b)} + ^i{uD n ^a)D l (b) - aD„_ i (5)D i (a)). 

8=0 1=1 

This proves (A2). □ 

We can now state the main result of this section. 

Theorem 4.2. Let 1Z = K.[t ±1 ][xi][x2', 02, A 2 ] ■ • • [x n ; a n , A n ] be an iterated Ore extension 
over K[t ±:L ], and denote by IZj the subalgebra Wfi ±x \[xi\[x2', c 2 , A 2 ] ■ ■ • [xy, o~j, Aj] for 1 < 
j <n. We make the following assumptions: 

(HI) The torus H = (K x ) r is acting rationally by K[t ±:L ]- algebra automorphisms on 1Z such 
that for all i G {1, . . . , n} 

• the indeterminate is an H -eigenvector with associated character /.; 
and 

• there exists 7. G Z r such that r]i := — (j.\f.) G K x ; 
(H2) For all 2 < i < n , we have AjCTj = t Vi o~iAi; 

(H3) For all2<i <n andk>0, we have Af(TZ i ^ 1 ) C (t - l) fc (ife)! tw 72 i _i; 

(H4) T/ie automorphisms o~i satisfy o~i(xj) = t Xii Xj for 1 < j < i < n, where \j := (7J/.). 

Assume that R := 72/(t — 1)72. is commutative. Then, for any H -invariant Poisson 
prime ideal P of R, the field Frac-R/P is Poisson isomorphic to a Poisson affine field. 

Proof. We only need to check that R satisfies all hypotheses of Theorem 13.81 

• First, we show that R is an iterated Poisson-Ore extension of the form 

R = K[Xi][X 2 ; a 2 , 5 2 }p • • • [X n ; a n , 5 n ] P , 

where each 5i extends to an iterative higher (rji, Qjj)-skew Poisson derivation (-Di,fc)fc=o on 
Ri-i := K[Xi][X 2 ; a 2 , £ 2 ]p • • • ati-i, <V-i].p- This result is proved by induction on n 

using Proposition 14.11 The case n = 1 is trivial. 

For 1 < i < n — 1, assume that = K[Xi] [X 2 ; a 2 , 5 2 ]p ■ ■ • [Xi\ aij, 5,]p. Then we have 

n ~ (t - i)n n ~ (t-i)n n ^ [ n;an ' njp 

= K[Xi][X 2 ; a 2 ,5 2 ] P ■ ■ • [X n ; a n ,5 n ] P , 
since (t — l)72 n _i is a (cr n , A n )-stable ideal of 1Z n -\- Note that 



a n (Xj) 



-Xj 



t- 1 



t=i £ - 1 



^■njXj . 

t=l 
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for all 1 < j < n. 

Hypotheses (H2) and (H3) ensure that Assertion 2 of Proposition 14.11 applies, so 8 n 
extends to an iterative higher (rj n , a n )-skew Poisson derivation (D n ,k)kLo on R n -i. It follows 
from Proposition 14.11 (and the induction hypothesis) that for 2 < j < n and k > we have 



A* 



t=i 



• The next step is to show that for 2 < j < i < n and k > 0, we have the relations 
otiDj^ = Dj^on + kXijDj k- First we show by induction (on k) the following identities: 



(2) 



for 2 < j < i < n. If k = 1 and 1 < I < j, then we have 

a^XjXi) = (Jifaix^Xj + Aj(xi)) = t**t +Xa+x i l XiXj + oAfa), 

and 

a^x^aiixi) = t x ^ +Xu (ajixi) + A^xi)) = t^+^+^XiXj + t^Aja^xi). 

So GiAj(xi) = t AiJ ' Aj(7j(x;) for all 1 < / < j < i < n, as desired. Assume the result proved 
at rank k. Then we have 

atA) +l = (<7iAj-)Aj = / A A ; n,Aj' = t^ x » A) +1 (j h 

and (El) is proved. 

Now it follows from ([2]) that 

(at - id)A k j = t^A^cn - id) + {t kX ^ - l)Aj. 

Next, dividing both sides of this equation by (t — \) k+1 {k)\ t n 3 , and then projecting on A, 
we obtain: 

ctiDj^ = D jik ati + k\ijD j;k . 

• Then we show that the torus H is acting rationally by Poisson automorphisms on R. 
Since (t — 1)71 is i7- invariant, we can consider the induced action of H on the quotient 
algebra R. This is a rational action by automorphisms. Moreover this action respects the 
Poisson bracket of R. Indeed for f,g<E7Z, by setting F = f and G = g, we have: 



h({F, G}) = h 



If, 9} 



t=i 



t-1 
[h(f),h(g)} \ 
t-1 ) 



h 



lf,g] 
t- i 



t=i 



t=i 



{h(F),h(G)} 
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for all h G H. 

• Fix h G H and set h(xj) = fijXj, where fij G K x for all 1 < j < n. We are now going 
to show that 

/i(A,*CXj)) = rfD i>k (h(Xj)) 

for all 1 < j < i < n and all k > 0. 

We start by observing that, for k > 1 and 1 < j < z < n, we have: 

xA*" 1 ^) = ^(A*- 1 ^-))^ + A* ( Xj ). 

Thus 

Affo) = .r,Af '(.,-,•) - a i (A^~ 1 (xj))x i 

= XiA^ixj) - t^-V+^A^ix^Xi. 

Then it follows from an easy induction (on k) that for all h G H and k > we have 

/'(-A; ( '•.,)) HjMfa). (3) 

Indeed, when k — 1, we have 

h(Ai(xj)) = h(xiXj —t Xi3 XjXi) = fiifj,jAi(xj). 
Next, assuming the result proved at rank (k — 1) we get: 

MAjfo)) = HxiA^ixj) - t r '^' k ^ A^ix^Xi) 

= / x ^ x ^/ i^^ l A^ l (x J o -^ (l - fc)+A ^^^ l A.^ l (x,)^x ^ 



as desired. As D jik := (f _ 1)fc( J fc) , t „. 



, we deduce from ([3]) that 



h(D hk (X 3 )) = ^D hk (h(X J )) 

for all A; > and for all 1 < 7 < i < n, as required. 

• We conclude by noting that Hypothesis 13.3.11 is clearly satisfied with = —rji = 
(7J/.) for all 1 < % < n since Xj is an if-eigenvector with associated character /. for all 
1 < i < n. 

Hence all hypothesis of Theorem 13.81 are satisfied and so for any if -invariant Poisson 
prime ideal P of R, the field Frac R/P is Poisson isomorphic to a Poisson affine field. □ 
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When dealing with examples, the following lemma allows us to check Hypothesis (H2) 
of Theorem 14.21 only on the generators of the algebra under consideration. 



Lemma 4.3. Let A be a finitely generated K^ 1 ]- algebra and form the Ore extension 
1Z = A[x; a, A] with Act = t v o~A for an integer 77 G 1K X . Let {ai, . . . ,a n } be a set of 
generators of A. If the conditions A l (ak) € (t — l) l (i)\tvA are satisfied for all k 6 {1, . . . , n} 
and i > 0, then 



In [HI Section 5], many iterated Ore extensions are described, and it is shown that 
lots of them actually satisfy the hypotheses of Theorem 14.21 As a consequence, their 
semiclassical limits and their quotients by if-invariant Poisson prime ideals satisfy the 
quadratic Poisson Gel'fand-Kirillov problem. This includes (but is not limited to) the 
semiclassical limits of: 

• the single parameter coordinates ring of odd-dimensional quantum Euclidean space; 

• the single parameter coordinates ring of quantum matrices; 

• the single parameter coordinates ring of even-dimensional quantum Euclidean space; 

• the single parameter coordinates ring of quantum symplectic space. 

In the next section, we provide a detailed study of one of these families. More precisely, 
we will focus on the semiclassical limit of the coordinates ring of quantum matrices, and 
then on their quotients by determinantal ideals. 



A l (A) c (t-l)\i)\ t nA. 



Proof. Easy induction using the generalised quantum Leibniz formula: 




for a, b e A. 



□ 



32 



4.2 Semiclassical limit of the coordinate ring of n x n quantum 
matrices 

The single parameter coordinate ring of quantum matrices A = O t (M n (K[t ±1 ])^ is the 
Kft^j-algebra given by n 2 generators X\\, x%2, ■ ■ ■ , x nn and relations 



•Elm%ij 



t XijXi m I > 2, Tfl j 

t X{jXi m I i, 771 > j 

XijXim I >i, m < j 

< %ij%lm ^ ^j^im^lj 1^1^ Tfl ^> J. 



This algebra can also be presented as an iterated Ore extension over K^ 1 ]: 

Ot(M n (K[t ±1 ])) = K^ftXuftXl* <T12, Al 2 ] ■ ■ • [X nn , CT nn , A nn ), 

where <Ji m is the K[t ±1 ]-automorphism of the appropriate subalgebra of O t (M n (K[t ±:L ])) 
defined by 

{t~ 1 Xij if I > i and m = j 

t~ l xij if I = i and m > j 

Xy if I > i and m ^ j, 

for all <j ex (I I'm), and where A; m is the K[t ±:L ]-linear o\ m - derivation such that 



— (t — t ^XimXij if I > i and m > j 
otherwise 



for all <j ex (Z,m). 

Observe that the torus H = (K x ) 2n acts rationally on A by automorphisms via: 

h{t) = t and h(xij) = hih n+ jXij 

for all 1 < i,j < n. So X{j is an if-eigenvector with associated character 

f . = (0,... ,0,1,0,. ..,0,1,0,. ..,0)gZ 2 ™, 

where the Is occur in z-th and (n + j)-th positions. For 1 < Z,m < n, we define 

7^ := (1 . . . , 1, 0, -1, . . . , -1, -2, -1, . . . , -1) G Z 2 ", 

where the occurs in Z-th position and the (—2) in (n+m)-th position. We have (7 \f ) = 
—2 for all 1 < l,m < n. To summarise, if char (K) 7^ 2, Hypothesis (HI) of Theorem 14.21 
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is satisfied. For <\ ex {I, in) we have: 

-1 if I > i and m = j 

if / > i and m ^ j. 

Note that for all <\ ex (l,Tn) we have <Ji m (xij) = t- !m - iJ x^-. Thus Hypothesis (H4) 
of Theorem 14.21 is satisfied. 

One can easily check that Ai m ai m = t 2 ai m Ai m for all I, m. Thus, Hypothesis (H2) 
of Theorem 14.21 is satisfied. Let Ai m be the subalgebra of A generated over K[t ±x ] by 
Xn, X12, • • • , £z, m -i- Note that Af m (xjj) = for all k > 2 and 



Ai m {Xij) 



— {t — l)(t 1 + l)x im xij if / > i and m > j 
otherwise. 



So we have Af m (xij) G (t — l) k (k)\ t 2Ai m for all (z,j) <i ex and all k > 0, and 

Hypothesis (H3) of Theorem 14.21 is satisfied thanks to Lemma [4.31 So, if charK ^ 2, then 
we can apply Theorem 14.21 to A. 

Let A = 0(M n (K)) = A/(t - 1)A = K[X n , . . .,X nn ] be the semiclassical limit of A, 
where = Xij + (t — 1)A. For <\ ex (l, m )j the Poisson bracket on A is given by: 



{Xl m , Xij} 



—XijXim if / > i and m = j 

—XijXi m if / = i and m > j 

if / > i and m < j 

—2X im Xij if / > i and m > j. 

We deduce from the above discussion the following result. 

Theorem 4.4. Assume that char IK ^ 2. Let P be an H -invariant Poisson prime ideal of 
A = (9(A^„(K)). The field of fractions of A/P is Poisson isomorphic to a Poisson affine 
field K M (Yi, . . . , Y m ), where m <n and /x G Ai m (K) is a skew-symmetric matrix. 

Note that when charK = 2, our techniques do not apply to A. However in this case 
A is already a Poisson affine space and the quadratic Poisson Gel'fand-Kirillov problem is 
trivial. 



4.3 Quotients by Determinantal ideals 

Assume that char IK ^ 2. Determinantal ideals are ideals of A = 0(Ai n (K)^ generated by 
minors of a given size. More precisely, let I and J be subsets of {1, . . . ,n} with |/| = |J|. 
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We denote by [I\J] the determinant 



[I\J] := det [(X ij ) (iJ)eIx j 



) 



Such a determinant is called a minor of size For all k G {0, . . . , n—1}, the determinantal 
ideal Vk is the ideal generated by all {k + 1) x [k + 1) minors of A. Note that contains 
all minors of size bigger than k + 1 by Laplace Expansion. 

Fix < k < n — 1. We claim that the Poisson field Frac (A/Vk) is Poisson isomorphic 
to a Poisson affine field. For, we just need to show that Vk is an //-invariant Poisson prime 
ideal by Theorem 14.41 First, it is well known that Vk is a prime ideal, see for instance [5j 
Theorem 6.3]. Moreover, Vk is clearly if-invariant, so to apply Theorem 14.41 to A/Vk, it 
only remains to prove that Vk is a Poisson ideal. It is probably well known, but we have 
not been able to find the statement in the literature. The following lemma (re-)establishes 
this result. 

Lemma 4.5. For all k G {0, . . . ,n — 1} ; the ideal Vk is a Poisson ideal of A. 

Proof. Note that any minor of A is the coset of a so-called quantum minor of A. See [10j 
Intoduction] for more details about quantum minors. In [TOl Lemma 5.1] the authors give 
commutation relations between quantum minors and generators of A which easily lead (by 
semiclassical limit) to the following Poisson brackets between minors and generators of A. 
Let r, c G {1, . . . , n} and J,JC {1, . . . , n} with |/| = | J\ > 1. For 1 < i < j < n, we define 
:= + . ,j}. 

• If r e / and c G J, then [X rc , [I\J]} = 0. 

• If r G / and c ^ J, then 



{Xrc, [I\J]} 



[I\J)X rc -2 ( 



i)-\^]\[i\jn{c}\{j}]x, 



j£j,3>c 



• If r ^ 



/ and c G J, then 



{Xrc, [I\J]} 



[I\J]X rc + 2 ( 



l)-l /n ^l[/n{r}\{i}|J]X, c . 



• If r ^ 



I and c ^ J, then 



{x rc , [/|j]} = 2 ]T (-i)-™i[/n W \ {i}\j]x*c 



i£l,i<r 



-2 ^ (-i)- |Jn[cjll [/|Jn{c}\{j}]x, 



j£j,j>c 



35 



Hence {X rc , [I\J]} e V k for all [I\J] G V k and all 1 < r, c < n. □ 

We are ready to conclude by the following result. 

Theorem 4.6. LetO < k < n— 1. The field of fractions Fr&cA/Vk is Poisson isomorphic to 
a Poisson affine field K M (Y" 1; . . . , Y m ), where m < n and fi e A4 m (K) is a skew- symmetric 
matrix. 
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